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1. A space of nearly holomorphic modular forms
$n\in \mathrm{z}_{>0}$ $H_{n}$ $n$ Siegel $H_{n}$








$C^{\infty}$ -modular form of weight $k\in \mathrm{Z}$ for $\Gamma_{n}$ $f$ $x$ $y$
$C^{\infty}$ -function
$f(m\langle z\rangle)=\det(_{C\mathcal{Z}}+d)kf(\mathcal{Z})$ $(\forall m=\in\Gamma_{n})$
$\mathrm{C}$-vector space $M_{k}^{\infty}(\Gamma_{n})$
$(\mathrm{i})-(\mathrm{i}\mathrm{v})$ $f$
(i) $f\in M_{k}^{\infty}(\Gamma_{n})$ ,
(ii) $\nu\in \mathrm{z}_{\geq 0}$ $\det(y)^{I\ovalbox{\tt\small REJECT}}f(\mathcal{Z})$ $\{z\in H_{n}|y\geq\delta 1_{n}\}$
$(\forall\delta>0)$ holomorphic function $y$
$f$ (i) (ii) Fourier o :
$f(z)= \det(y)^{-}\nu h\sum p(h, y)\mathrm{e}(\sigma(hZ))\geq 0^{\cdot}$
$p(h, y)$ ! $y$ , $h$ size $n$ symmetric positive semi-
definite semi-iitegral matrices $\mathrm{e}(x):=e^{2ix}\pi$ $\sigma$
$\mathrm{t}\mathrm{r}\mathrm{a}\mathrm{c}\mathrm{e}$ . $p(h, y)$ $(\mathrm{i}\mathrm{i}\mathrm{i}),(\mathrm{i}\mathrm{V})$ :
(iii) $h$ $\det(y)^{\nu}p(h, y-1)$ $y$
(iv) $h=(0\leq r\leq n-1)$ $p(h, y)$ ( $\det(y)$ $y$
$r\cross r$ block \Psi \mbox{\boldmath $\chi$}‘
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$(\mathrm{i})-(\mathrm{i}\mathrm{v})$ $f$ $\mathrm{C}$-vector space ,\nu (\Gamma \Gamma n)
Remark. (1) (i) (iii) $N_{k,\nu}(\mathrm{r}_{n})$ Shimura [Sh2] [Sh3] (7)
nearly holomorphic modular form
(2) $((\mathrm{i}),(\mathrm{i}\mathrm{i}),$ $(\mathrm{i}\mathrm{v})$ ( modify ),
) Satoh [Sal]
.




(2) $f\in N_{k},\nu(\mathrm{r})n’ g\in N_{\ell,\mu}(\Gamma_{n})$ $fg\in N_{k+,+\mu}\ell_{\nu}(\mathrm{r}_{n})$ .
(3)
$\dim N_{k},\nu(\mathrm{r}n)<\infty$ .
$kn\equiv 0$ (mod 2) $karrow\infty$
$\dim N_{k},(\nu\Gamma n)\wedge\cdot n(\nu+1)k\frac{n(n+1)}{2}$ .
(4) $r\in \mathrm{Z},$ $0\leq r<n$ $f\in N_{k,\nu}(\mathrm{r}_{n}),$ $z_{1}\in H_{r}$
$\Phi^{n,r}(f)(_{\mathcal{Z}}1):=\int_{0}^{1}$ . $.. \int_{0}^{1}fd\xi_{1}\cdots\xi_{n}-r$
$(t_{j}>0)$ ( Satoh [Sal] )
$\mathrm{C}$-linear map $-$ . ..











$\frac{\partial}{\partial z}:=(\frac{1+\delta_{j\ell}}{2}\cdot\frac{\partial}{\partial z_{j\ell}})$ , $\int\underline{\mathrm{B}}\text{ }$ $z=(z_{j}e)$
$\delta-j\ell$ Kronecker delta. $H_{n}$ $C^{\infty}$ -functions
Maass operator ef




$\delta k+2\mu-2\ldots\delta k+2\delta k$ if $\mu\in \mathrm{Z}_{>0}$ ,
$\mathrm{i}\mathrm{d}$ . if $\mu=0$ ,
$\delta_{k}^{(\mu)}N_{k},\nu(\Gamma_{n})\subset N_{k}+2\mu,\nu+\mu(\mathrm{r}_{n})$ , $\delta_{k}^{\mathrm{t}}\mu)N^{\mathrm{C}}\mathrm{u}8\mathrm{p}(k,\nu n)\Gamma\subset N_{k2\mu}\mathrm{C}\mathrm{u}\mathrm{s}\mathrm{p}(+,\nu+\mu \mathrm{r}_{n})$.
(6) $N_{k,\nu}(\mathrm{r}_{n})$ $N_{k,\nu}^{\mathrm{C}}\mathrm{u}\mathrm{s}_{\mathrm{P}}(\mathrm{r}_{n})$ Hecke algebra $\mathcal{H}^{(n)}$ stable.
$N_{k,\nu}^{\mathrm{c}\mathrm{u}\mathrm{s}\mathrm{p}}(\mathrm{r}_{n})$ ? Hecke eigenforms basis
Cusp form .
$s_{k}(\mathrm{r}_{n}):=$ {cusp $\mathrm{f}\mathrm{o}\mathrm{r}\mathrm{m}\mathrm{S}\in M_{k(\mathrm{r}_{n})}$} $=N^{\mathrm{C}\mathrm{u}}\mathrm{s}\mathrm{p}(k,0\Gamma_{n})$
$\delta_{k-2}^{(\nu)}\nu Sk-2\nu(\mathrm{r}n)\subset N^{\mathrm{C}\mathrm{u}}\mathrm{s}\mathrm{p}(k,\nu\Gamma_{n})$ .
$f\in N_{k,\nu}(\Gamma_{n}),$ $g\in N^{\mathrm{c}\mathrm{u}\mathrm{S}},\mathrm{p}(\ell_{\mu}n)\mathrm{r}$ $fg\in N_{kl}^{\mathrm{c}\mathrm{u}S}\mathrm{p}(+,\nu+\mu\Gamma_{n})$ .
2. Eisenstein liftings
$n\in \mathrm{Z}_{>0}$ , $r\in \mathrm{Z},$ $0\leq r\leq n$ ,
$\triangle_{n,r}:=\{$ ( $(n-r*,n+r)$ $**)\in\Gamma_{n}\}$
$f\in s_{k()}\Gamma_{r}(s_{k}(\Gamma 0):=\mathrm{c}),$ $k\in 2\mathrm{Z}>0$ $f$ $\Gamma_{n}$
Langlamds-Klngen nonholomorphic Eisenstein series
:
$[f]_{r}^{n}(z, S):=$ $\sum$$m \in\triangle_{n,r}\backslash \Gamma_{n}(\frac{\det({\rm Im}(m\langle \mathcal{Z}\rangle))}{\det({\rm Im}(m\langle z\rangle^{*}))})^{s}f(m\langle \mathcal{Z}\rangle^{*})\det(C\mathcal{Z}+d)^{-k}$ .
$s\in \mathrm{C},$ $z\in H_{n}$ $m=$ $\Delta_{n,r}\backslash \Gamma_{n}$ –
$m\langle z\rangle^{*}$ $m\langle z\rangle$
$r.\cross r$ block $\delta>0$
$\{(z, s)\in H_{n}\cross \mathrm{C}|\sigma(X^{2})\leq\delta^{-1},$ $y\geq\delta 1_{n},$ ${\rm Re}(s) \geq\frac{n+r+1-k}{2}+\delta\}$
– $[f]_{r}^{n}(z, s)$ $s$
[La] [B\"o]
Shimura [Sh4] $k-2 \nu\geq\frac{n+r\prime}{2}+2$ $[f]_{r}^{n}(z, -\mathcal{U})$ l nearly holo-
morphic $[f]_{r}^{n}(z, -\nu)\in N_{k,\nu}(\Gamma_{n})$
Theorem. $n,r\in \mathrm{Z},$ $0\leq r<n,$ $\nu\in \mathrm{z}_{\geq 0;}k\in 2\mathrm{Z},$ $k-2 \nu\geq\frac{n+r}{2}+2$ $\circ$
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(1) $f\in S_{k}(\Gamma_{r})$
$\rho_{\mu}^{r,n}(f)(\mathcal{Z}):=[f]r(nz, -\mu)$ $(0\leq\mu\leq\nu, \mu\in \mathrm{Z})$
$\sum\rho_{\mu}^{r,n}$ : $\underline{S_{k}(\Gamma_{r})\oplus\cdots\oplus S_{k}(\mathrm{r}_{r})}arrow Nk,\nu(\Gamma_{n})$
$\mu=0$
$(\nu+1)$ times
( iijective $\mathrm{C}$-lnear map $f$ Hecke eigenform $\rho_{\mu}^{r,n}(f)$







standard Lfun.ctions ( $\mathrm{R}\mathrm{e}\mathrm{m}$.ark )
$L(s, \rho_{\mu}^{r,n}(f)$ , St) $=L(s, f, \mathrm{S}\mathrm{t})j=r+\prod\zeta(s.-kn1+2\mu,.+j)\zeta\backslash .(S+k-2^{\backslash }\mu-j)$ .
$\Phi^{n,r}(\rho_{\mu}^{r,n}(f))=(t_{1}\cdots t_{n}-r)^{-\mu}f$ . $(*)$
(2) (Characterization) $k-2\nu\geq n+r+2$ , $f\in S_{k}(\Gamma_{r})$ Hecke eigenform
$\rho_{\mu}^{r,n}(f)$ ? $(*)$ $N_{k,\nu}(\mathrm{r}_{n})$ unique Hecke eigenform
Remark.
(1) $f\in M_{k}^{\infty}(\mathrm{r}_{n})$ Hecke eigenform, $(\alpha_{0}(p), \alpha 1(p),$ $\ldots,$ $\alpha_{n}(p))$ $f$ Satake
$\mu \mathrm{p}\mathrm{a}\mathrm{r}\mathrm{a}\mathrm{m}\mathrm{e}\mathrm{t}\mathrm{e}\mathrm{r}$ $f$ standard Lfunction I (formal )
$L$ ( $s,$ $f$ , St) $:= \prod_{p:_{\mathrm{P}^{\mathrm{r}}}\mathrm{i}\mathrm{m}\mathrm{e}}\{(1-p^{-s})\prod_{j=1}(1-\alpha j(p)p)(1-\alpha_{j}(p)-S-1-Snp)\}^{-1}$
$f\in N_{k,\nu}^{\mathrm{C}}\mathrm{u}\mathrm{s}_{\mathrm{P}}(\Gamma n)$
(2) type hg 2 Satoh
[Sal]
(3) Hecke equivariance idea I B\"ocherer





$f\in N_{k,\nu}(\Gamma_{n})$ $N_{k,\nu}(\Gamma_{n})_{\mathrm{Q}}$ :
$f(z)= \det(\pi y)^{-\nu}\sum_{h\geq 0}p1h,$
$\pi y)\mathrm{e}(\sigma(hZ))$
$p(h, y)\in \mathrm{Q}[yj^{\ell 1}1\leq j\leq\ell\leq n]$ .
Theorem
$\rho^{r,n}\mu(f)\in Nk,\nu(\Gamma)n\mathrm{Q}\otimes \mathrm{Q}\mathrm{C}$
factor $\mathrm{C}$ action Aut(C)
characterization
$(\pi^{-\mu(r)r}n-p\mu’(nf))\sigma(=\pi^{-\mu}\rho_{\mu}^{r}(n-r),nf^{\sigma})$ $(\forall\sigma\in \mathrm{A}\mathrm{u}\mathrm{t}(\mathrm{c}))$ .
$\pi^{-\mu(n-r}$)
$n\rho_{\mu}^{r}$’ Fourier coefficients algebraicity
Remark. Holomorphic case [Ku], [H]




$\tau(k)(a)\cdot v=\det(a)^{k}v[ta]$ $(a\in \mathrm{G}\mathrm{L}_{2}(\mathrm{C}), v\in \mathcal{V})$
representation $\mathrm{G}\mathrm{L}_{2}(\mathrm{C})$ symmetric square representa-
tion $\mathrm{s}\mathrm{y}\mathrm{m}2$ $\tau(k)\simeq\det^{k}\otimes \mathrm{s}\mathrm{y}\mathrm{m}^{2}$ $\circ$ $M_{T(k)(}\Gamma 2$ )
$f(m\langle z\rangle)=\tau(k)(cZ.+d)\cdot f(_{\mathcal{Z}})$ $(\forall m=\in\Gamma_{2})$
$\mathcal{V}$-valued holomorphic functions $f$
[Sa2] $N_{k,1}(\Gamma_{2})$ subspace $P_{k}(\Gamma_{2})$ ;
$P_{k}(\Gamma_{2})$ $:=M_{k(\mathrm{r}}2$
. ) $+\delta_{k}-2Mk-2(\Gamma 2)$
$+\langle f\delta_{jg}|f\in Mk-2-j(\mathrm{r}2), g\in M_{j}(\mathrm{r}2), 0\leq j\leq k-2\rangle_{\mathrm{C}}$ .
$k\in 2\mathrm{Z}_{>0}$ , $\langle\cdot\rangle_{\mathrm{C}}$ ? $\mathrm{C}$-linear span. [Sa2] Hecke $\mathrm{e}\mathrm{q}\mathrm{u}\mathrm{i}^{r},\mathrm{a}\mathrm{r}\mathrm{i}\mathrm{a}\mathrm{n}\mathrm{t}$
map
$D:M_{\mathcal{T}(k-}2)(\mathrm{r}_{2})arrow P_{k}(\Gamma_{2})$
characterization $D$ 2 Eisenstein
liftings
$[\cdot]_{\mathcal{T}}$ : $S_{k}(\mathrm{r}_{1})arrow M_{\tau(k-2)(\mathrm{r}_{2}})$
86
$p_{1}^{1,2}$ : $S_{k}(\Gamma_{1})arrow N_{k,1}(\Gamma_{2})$
intertwine
Remark. –
(cf. [Sh3, Propositon 3.3])
$\Delta_{12}\in S_{12}(\Gamma 1)$ normalized Hecke eigenform $L(s, \triangle^{\bigotimes_{12}3})$
triple product Lfunction ( 8 Euler ) $L(s, \triangle_{1}^{\bigotimes_{2}\mathrm{s}})$
critical points ( ) 17, 18, $\cdots,$ $22$ $s=17$
$L(17, \triangle_{1}^{\bigotimes_{2}3})=0$
Garrett integral representation [Gal] [Ga2] (cf. [Sa3]) $0\leq$
$\mu\leq 4$ $L(22-\mu, \Delta^{\bigotimes_{1}3})2$ ( essential
$(([\triangle 12]_{1}^{2}(,$ $-\mu),$ $\triangle_{12-}(\mathcal{Z})),$ $\Delta_{1}2(w))$
$\mu=0$ holomorphic modular form
$\mu=1$ $D$ Eisenstein liftings
$[\triangle_{12}]_{1}^{2}(,$ $-1)$
$= \frac{64\pi}{5}\triangle_{12}(_{\mathcal{Z}})\triangle 12(w)-\frac{2\pi}{5}(\triangle 12(\mathcal{Z})\delta_{1}0E10(w)+\delta 10E1\mathrm{o}(\mathcal{Z})\triangle 12(w))$
$E_{10}\in M_{10}(\Gamma_{1})$ constant term $=1$ holomorphic
Eisenstein series.
$\frac{L(21,\triangle^{\bigotimes_{1}3})2}{\pi^{51}(\triangle_{12},\triangle_{12})3}--\frac{2^{54}}{3^{16}\cdot 5^{9}\cdot 7^{6}\cdot 11\cdot 13\cdot 17\cdot}$
zagier [Za, p.120] -
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